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JRAHS Year 12 Extension 2 Term 2 Assessment 2010 
 
 
QUESTION 1         (15 Marks) 
 

Marks 

(a) (i) Prove that the equation of the tangent to the rectangular hyperbola 16=xy  at the 

point 








p
pA

4
,4  is pypx 82 =+ . 

 

3 

  

(ii) If point B has co-ordinates 








q
q

4
,4 , show that the equation of the chord AB is 

( )qppqyx +=+ 4 . 
 

2 

 (iii) The tangent at A and the tangent at B intersect at T. Find the co-ordinates of T. 
 

2 

 (iv) If the chord AB passes through the point ( )8,8R , show that the locus of T  lies on the 
line 4=+ yx . 
 
 
 

2 

(b) A small object of 1 kg mass is fired vertically upwards from the ground with an initial speed 
of 1-ms50 . At any instant the object is acted upon by gravity and a resistance of magnitude 

v
5

1
 where 1-msv  is the speed of the object at that instant.  Taking the acceleration due to 

gravity as 2-ms10 , prove that: 
 

 

 (i) the time for the object to reach its maximum height is 2log5e  seconds. 

 

3 

 (ii) the maximum height reached above the ground is ( )2log1250 e−  metres. 3 

 
 
 
 
QUESTION 2        (START A NEW PAGE)             (16 Marks) 
 

Marks 

(a) (i) A right-angled isosceles triangle has hypotenuse of length h units, show that its area 

equals  units square
4

1 2h . 

 

1 

 (ii) A solid has for its base the area bounded by the parabola 25.0 xy =  and the line 
xy 3= . Cross-sections of the solid are perpendicular to the base and parallel to the 

axis−y . Each cross-section is a right-angled isosceles triangle with its hypotenuse on 
the base. Find the volume of the solid. 

3 

 
 
 
QUESTION 2(b)(c)        (Continued on next page) 
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QUESTION 2        (Continued) 
 
(b) A solid sphere of radius R has a cylindrical hole of radius r drilled right through it such that 

the axis of the hole passes through the centre of the sphere.  
 

cylindrical hole

x2 + y2 = R2

y

x

cylindrical shell
(thickness = ∆x)

x Rr >

^

 
 

 

 (i) By taking cylindrical shells of width x∆  and radius x ,  show that the volume of  such 

a shell is approximately equal to xxRx ∆− 224π . 
 

2 

  

(ii) Show that the volume of the remaining solid is ( )2

3
22

3

4
rR −π . 

 

 

3 

(c) A 1 kg mass moves in a straight line under the action of a constant driving force F Newtons. 
During this motion the mass encounters a resistive force of magnitude kv  Newtons per unit 
mass where 1-msv  is its speed and k is a positive constant. 
 

 

 (i) Explain why the acceleration, 2-msx&& , is given by kvFx −=&&  for some constant 
0>k . 

 

1 

 (ii) Given that the mass is initially at the origin with a velocity of 1-msu  , find a formula 

for its velocity, 1-msv , at time secondst . 
 

2 

  

(iii) If after secondsT the velocity of the mass is 1-ms2u , show that 








−
−=
1

12
kT

kT

e

e
kuF . 

 
2 
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(iv) Prove that the distance, d metres, moved in this time is given by 
k

uFT
d

−= . 
 

2 
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QUESTION 3        (START A NEW PAGE)             (16 Marks) 
 

Marks 

(a) (i) Prove that the equation the normal to the rectangular hyperbola 2cxy=  at the point 










p

c
cpP ,  is ( )142 −=− p

p

c
yxp  . 

(You may assume that the equation of the tangent is cpypx 22 =+ ) 
 

1 

  

(ii) The tangent at 








p

c
cpP ,  meets the axis−x at A and the axis−y  at B. Find the 

coordinates of A and B and show that P is the midpoint of AB. 
  

3 

  

(iii) The normal at 








p

c
cpP ,  meets the line xy =  at C and the line xy −=  at D. Find the 

coordinates of points C and D. 
 

2 

 (iv) What type of quadrilateral is ACBD for all 1≠p ? (Give reasons). 
 
 
 

2 

(b) A small rocket is projected vertically upwards 
from the Earth’s surface with an initial speed of 

gR 1-ms .  You may assume that the 

acceleration of an object at a distance x metres 
from the centre of the Earth is of magnitude  

2

2

x

gR
, and directed towards the Earth’s Centre, 

where R metres is the radius of the Earth. 

t = o, x = R
    v= gR

R

x

O

 
 

 (i) Neglecting air resistance, show that the speed 1-msv of the rocket at distance x metres 

from the Earth’s centre is given by 
x

xR
gRv

−= 2
. 

 

3 

 (ii) Find the maximum height that the rocket will reach above the Earth’s surface. 
 

1 

 (iii) Find the time required to reach a height of R metres above the Earth’s surface. 4 
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QUESTION 4        (START A NEW PAGE)             (15 Marks) 
 

Marks 

(a) A plane of mass M kg lands with velocity 1-msu  on a level airstrip. Upon landing it 

experiences a resistive force of magnitude Newtons2vα  due to air resistance and braking, 
and a constant resistive force of magnitude Newtonsβ  due to the friction between the tyres 
and the ground where α  and β  are constants. 

 

  

(i) Show that the distance required to bring the plane to rest is 






 + 21ln
2

u
M

β
α

α
 metres. 

 

 

3 

  

(ii) Show that the time required for the plane to come to rest is 








−

β
α

αβ
u

M 1tan  

seconds. 

 

3 

 

(b) OAB is an isosceles triangle with rOBOA ==  and 
n

AOB
π2=∠ . OABC is a triangular 

pyramid with hOC =  and OC  is perpendicular to the plane AOB. 
 

h

OP = x units

thickness of slice = ∆x

∠AOB=
2π
n

x
P

E

F

G

Q

A

B

O

C

H

 
 
Consider a slice with cross-section EFGH  perpendicular to the plane AOB with ABEF || , 
thickness x∆  and at a perpendicular distance x units along OQ from the point O. 
 

 

  

 
(i) Show that the volume of the slice is given by x

n
r

x
x

n
h ∆



















−







π

π

cos
tan2

2

 

 
3 

  

(ii) Hence show that the volume of the pyramid is 
n

hr π2
sin

6

2

. 

 

 

4 

 (iii) Suppose that n identical pyramids OABC are arranged about a common vertical axis 
OC  to form a solid. Find the limit value of the volume as n becomes very large. 

(You may assume that 1
sin

lim
0

=
→ x

x
x

) 

2 
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����    � THIS IS THE END OF THE EXAMINATION  �    ���� 
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ADDITIONAL QUESTIONS 
 
A particle P is thrown vertically downwards in a 
medium where the resistive force is proportional to 
the speed 1−msv of the particle. The initial speed of 

particle P is 1−msU  and the particle is thrown from a 
point d metres above the origin and the acceleration 
due to gravity is 2−msg . 

V

x

Origin
x = 0

Particle Q
t = 0, x = 0, v = 0

Particle P
t = 0, x = -d, v = U

V
 

Marks 

(i) Explain why the acceleration, 2−msx&& , is given by kvgx −=&&  for some constant 0>k . 
 

1 

 

(ii) Show that kte
k

kUg

k

g
v −








 −−= . 

 

2 

 

(iii) Show that ( )1
2

−






 −−−= −kte
k

kUg

k

kdgt
x . 

 

2 

(iv) A second identical particle Q is dropped from the origin at the same instant that P is 
thrown down. Using the above results to write down similar expressions for the velocity 
and displacement of particle Q. 
 

2 

(v) Find when particles P and Q collide and the speed with which they collide. 
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 Marks 
(i) By considering areas or using integration techniques show that 

( )
8

22

2
0

22 +=−∫
πa

dxxa
a

. 

 

2 

(ii) 
The area of the minor segment bounded by the chord 

2

a
x =  and the circle 

222 ayx =+  is rotated one revolution about the chord. By considering circular  
cross-sections perpendicular to the chord, find the volume of the solid formed. 
 

4 
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Mr Dud’s crystal ball rests on a solid stand which is in the shape of a square based frustrum as 
shown. 

A

B

C
 

Marks 

R

cross-section

slice

θ

QP LK

C

B F

D

O

A

E

M

 

 

The stand is constructed so that the crystal ball of radius R fits snugly inside and just touches the 
centre of the square base. The side BC of the base slopes so that if extended it would pass 
through the top-most point of the ball at A and makes an angle θ  with the vertical AD. 
Letting the distance OL be x units. 
 

 

(i) Explain why 22 xRLQ −=  and ( ) θtanxRLM +=  
 

2 

(ii) Consider a slice KLM of thickness x∆  as shown perpendicular to AD . 

Show that it has a volume 3unitsV∆  given by ( ) ( )[ ] xxRxRV ∆−−+≈∆ 2222tan4 πθ  
 

2 

(iii) 
Find the volume of such a solid when the angle 

6

πθ = . 
3 
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 Marks 

The region bounded by the curve xy 1cos−= , 
2

1=x  

and the axis−x is rotated one revolution about the 
axis−y  to generate a solid. 

 

y

x

y = cos-1x

1

2

π
2

π

-1 1

 
(i) Show that an annular cross-section of the solid, parallel to the axis−x with height y∆  

has its volume given by yyV ∆






 −≈∆
4

1
cos2π . 

 

2 

(ii) Hence find the volume of the solid. 
 

3 
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Consider solid ABCDEF whose height hEC =  and whose base is a rectangle ABCD with 

aAB= , bBC =  and top edge cEF = . 
 

Marks 

a

b

c

h
x

v

v

B'A'

D'

D

A B

C

E

F

C'

^
^

 

 

Consider a rectangular slice '''' DCBA  (parallel to the base ABCD) x units from the top edge and 
with thickness x∆  units . 
 

 

(i) 
Show that the volume of the slice is given by xx

b

cb
c

b

ax
V ∆







 −+=∆ . 
 

(ii) 
Hence prove that the volume of the solid is ( )cbha +2

6

1
. 
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A solid sphere of radius R has a cylindrical hole of radius r drilled right through it such that the 
axis of the hole passes through the centre of the sphere.  

 

Marks 

R

r

R

 

x

y

cross-section
x units from O

x

x2+y2=R2

I

v

J

< Q

R

-r

r

J

I

G

O

G

Q

H

>

H

^

 
 

(i) By considering annular cross-sections perpendicular to the axisx −  and distance x units 
from the origin, show that the area of the annular cross-section is ( )222 xrR −−π . 
 

 

(ii) 
Show that the volume of the remaining solid is ( )2

3
22

3

4
rR −π . 
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The circle 222 ayx =+  is roataed one revolution about the line ax 2= to form a torus. Marks 

x

2a-x

x

x = 2a

y

x2+y2=a 2

>

^

 
(i) By taking cylindrical shells of width x∆  and axis ax 2= ,  show that the volume of  such 

a shell is approximately equal to ( ) xxaxa ∆−− 2224π . 
 

 

(ii) Hence show that the volume of the torus is 332 units4 aπ . 
 

 

 
 

The normal at a variable point 








p
pP

2
,2   on the hyperbola 4=xy  meets the axisx −  at Q. 

 

Marks 

(i) 
Prove that the normal at P is ( )1

2 42 −=− p
p

yxp . 

 

2 

(ii) Find the co-ordinates of P. 
 

1 

(iii) Find the co-ordinates of M, the midpoint of PQ. 
 

1 

(iv) Hence show that the locus of M lies on the curve 24 =+ xyy . 
 

2 

 



JRAHS 2010 Yr12 Ext II Term 2 Assessment 16

  
 




























